We show that liouvillian solutions of an n-th order linear di erential equation L(y) = 0 are related to semi-invariant forms of the di erential Galois group of L(y) = 0 which factor into linear forms. The logarithmic derivative of such a form F, evaluated in the solutions of L(y) = 0, is the rst coe cient of a polynomial P(u) whose zeros are logarithmic derivatives of solutions of L(y) = 0. Together with the Brill equations, this characterisation allows one to e ciently test if a semi-invariant corresponds to such a coe cient and to compute the other coe cients of P(u) via a factorization of the form F.
Introduction
In this paper k is a di erential eld whose eld of constants C is algebraically closed of characteristic 0 (e.g. Q(x) with the usual derivation d=dx). For the derivation of k and a 2 k we write k (a) = a (k) and also a (1) = a 0 , a (2) = a 00 ; : : : . Let L(y) = a n d n y dx n + a n?1 d n?1 y dx n?1 + : : : + a 0 y = 0; a i 2 k (1) be a linear di erential equation of order n over k. We denote by fy 1 ; : : : ; y n g a fundamental set of solutions of (1) . We refer to 11, 15, 17] for de nitions of and of liouvillian solutions of for (1) . A PVE K of k for (1) is a di erential eld extension K = k < y 1 ; : : : ; y n > with no new constants which is the equivalent of a splitting eld for (1) . Under our assumptions a PVE exists and is unique up to di erential automorphisms. The group G(L), which consists of the di erential automorphisms of K=k, is a linear algebraic group over C which sends a solution of (1) into a solution of (1) . This action gives a faithful representation of G(L) as a subgroup of GL(n; C) which will be the representation of G(L) in what follows. There is a Galois correspondence between algebraic subgroups of G(L) and di erential sub elds of the PVE of (1) and the xed eld of G(L) is k. A solution of (1) in k is a rational solution, a solution in an algebraic extension of k is an algebraic solution, a solution whose logarithmic derivative is in k is an exponential solution and a solution belonging to a eld obtained by successive adjunctions of exponentials, exponentials of integrals and algebraic functions is a liouvillian solution. Algorithms for computing liouvillian solutions of (1) 
In particular, the coe cient of u m?1 is the negative logarithmic derivative of a product of m solutions of L(y) = 0. It is possible 9] to construct a di erential equation whose solutions are the products of length m of solutions of L(y) = 0:
De nition 1 Let L(y) = 0 be a homogeneous linear di erential equation of order n and let fy 1 ; ; y n g be a fundamental system of solutions. The di er-of V on which the group G(L) acts in the natural way 3 . If G(L) is a reductive group, then V m is a direct summand of S m (V ) ( 14] If a polynomial is invariant, then its homogeneous components are invariant.
If p 2 S m (V ) is an invariant (resp. semi-invariant) of G(L), then m (p) is a rational function (resp. an exponential solution, a function whose logarithmic derivative is rational) which is a solution of L s m (y). Note that if p is a product of linear forms, then m (p) 6 = 0.
2 Liouvillian solutions and products of linear forms Theorem 3 Let L(y) = 0 be an n-th order linear di erential equation over k with di erential Galois group G(L) GL(n; C). As an immediate consequence of the above result we have that if the form F = Q m j=1 ( P n i=1 a i;j Y i ) of degree m is not the product of forms of lower degree which are G(L)-semi-invariant, then G(L) must act transitively on the logarithmic derivatives of P n i=1 a i;j y i . We then get the following representation of the minimal polynomial P(u) of the logarithmic derivatives: semi-invariant) forms F j of degree m j , then the corresponding polynomial P(u) of (4) will be the product of polynomials P j of degree m j whose roots are the logarithmic derivatives of solutions P n i=1 a i;j y i of L(y) = 0.
The above result is a generalization of Theorem 2.1 of 19] (without the recursion for the other coe cients) which states that for second order equations the existence of a liouvillian solution is equivalent to the existence of an exponential solution of some symmetric power. This follows directly from the fact that a form in two variables over an algebraic closed eld always factors into linear forms and that for second order equations the map m : S m (V ) 7 ! V m is an isomorphism for all m 2 N ( 14], Lemma 3.5).
3 Bounds on the degree of the forms In what follows we show how to:
(i) Choose a rst coe cient which must correspond to a minimal polynomial, i.e. the evaluation of a semi-invariant form that factors into linear forms. (ii) Compute the other coe cients from the rst in a unique way by factoring the semi-invariant form.
Since we will have to compute rational/exponential solutions of L(y) = 0 we will assume that k is a di erential eld over which such solutions can be computed (e.g. (C(x); d=dx)). Algorithms which compute such solutions are described in 3,12] For (C(x); d=dx) the computation of an exponential solution is much more di cult than the computation of a rational solution.
For irreducible second order equations it is shown in Theorem 4 of 19] that one can use only rational solutions. We will now give a similar result for third order equations using the result of 15]. (V ) 7 ! V 3 is an isomorphism forL(y).
Computing the invariants
We propose to compute the invariants of degree m of G(L) by computing the m-th symmetric power of L(y). We will assume (eventually after a transformation described above) that m is an isomorphism. In this case there is a bijection between rational solution If we work with L s m (y) = 0 when this operator has order less than the dimension of the symmetric product of the solution space, then the linear system described in 2. will not have a unique solution. It will have a solution that depends on dim(ker m ) parameters and not all of these solutions lead to invariants. In Proposition 9 we show that despite this fact, we can sometimes use the information to show that the original equation has Liouvillian solutions. The next example gives the calculation for an equation where the symmetric power has order lower than the dimension of the symmetric product of the solution space. 
Finding an invariant that factors into linear forms
The set of forms of degree m which factor into linear forms is a closed algebraic subvariety in S m (C n ) whose de ning equations, the Brill equations, can be derived ( 4] , p. 127 and p. 140). In order to nd those invariants that factor into linear forms, we consider a linear combination of a basis of the invariants of degree m P r j=1 j P j (Y 1 ; : : : ; Y n ), plug the coe cients into the Brill equations and solve for 1 ; : : :; r by computing a Gr obner basis. When one restricts oneself to irreducible third order equations, one computes the Brill equations for certain forms (resp. squares of forms) that factor into linear forms. Theorem 5 (working with increasing m) implies that there will always be, up to multiples, a nite set of possible forms if ker( m ) is trivial. The fact that the solution set is nite makes the computation of the Gr obner basis easier. In the following example we give the Brill equations for forms of degree three in three variables and apply them to the situation of Example 7.
Example 8 A form a 0 a 1 ? b 1 ) ? a 1 c 1 ? a 0 which is irreducible over Q but factors over C .
The Brill equations do not provide a factorization, but only determine a polynomial system for the parameter values for which a linear combination of forms factor into linear forms. One then needs to e ectively compute an absolute factorization of the forms. For the above form F, the ? ? Proof. The assumptions imply that there exist P 1 ; : : : ; P t 2 S such that any element of S is a constant multiple of some P i . Let K be the associated PVE The nite (up to multiples) set of forms in the Proposition may not be an invariant, but the product of the forms belonging to the same G(L)-orbit will be a semi-invariant that factors into linear forms 6 . It is thus su cient to consider products of the forms belonging to the set. of course, a very ine cient way to nd these solutions. Alternate methods for a related problem are discussed in 5] and we would expect these methods to yield more e cient algorithms in this situation as well.
Example 11 Consider the equation L(y) = 0 given in (5) which, by Example 10, has liouvillian solutions. In order to compute a liouvillian solutions we, a priori, need to consider products of the 15 forms corresponding to the values found in Example 8. In fact, as we will see, the values (6) immediately yield an invariant (i.e., a G(L)-orbit of length 1). We will try to compute a minimal polynomial P(u) = b 3 (x)u We now take Whose zeros are all logarithmic derivatives of solutions of L(y) = 0.
If we know that the form that factors into linear forms is an invariant of G(L) (e.g. if ker( m ) is trivial), then the above method will always give a unique polynomial P(u) whose zeros are all logarithmic derivatives of solutions. If the invariant is not the product of semi-invariants of lower degree, then P(u) will be irreducible.
